Quantum spin Hall (QSH) system can exhibit exotic spin transport phenomena, mediated by its topological edge states. Here a novel concept of bending strain engineering to tune the spin transport properties of a QSH system is demonstrated by both model and first-principles calculations. Interestingly, we discover that bending strain can be used to mitigate the spin conservation of a QSH system to generate a non-zero spin current (SC), meanwhile the preservation of time reversal symmetry renders its edge states topologically protected to transport robust SC without back scattering. This novel physics mechanism can be applied to effectively tune the SC and spin Hall current in a QSH system by control of its bending curvature. Furthermore, the realization of QSH systems with controllable curvature can be achieved by the concept of "topological nanomechnical architecture". Taking Bi/Cl/Si(111) as a material example, we demonstrate that the relative spin orientations between two edge states of a Bi/Cl/Si(111) film can indeed be tuned dramatically by its self-bending behaviors induced by the pre-designed inherent strain. Therefore, this concept of "bending strain engineering of spins" via topological nanomechanical architecture affords a promising route towards the realization of topological nano-mechanospintronics. *
I. INTRODUCTION
A long-standing interest in spintronics is generating and transporting spin current (SC) in condensed matter systems. In the past decades, significant process has been made towards realization of highly polarized SC with ferromagnetic materials [1, 2] , in which SC is strongly coupled with charge current (CC). An ideal ferromagnetic material is half-metal, in which one spin channel is conducting while the other one is insulating [3, 4] . The discovery of spin Hall current (SHC) that is decoupled from CC [5] [6] [7] [8] has opened up exciting new opportunities for spin transport, because it is expected that the transport of SHC has much smaller energy dissipation compared to that of conventional SC generated by ferromagnetic materials. Quantum spin Hall (QSH) system can exhibit exotic spin transport properties.
For a conventional flat QSH insulator, there are two basic properties, time reversal symmetry (TRS) and spin conservation, which are of special interest. TRS renders the edge states of a QSH insulator topologically protected to transport robust SC without back scattering.
However, spin conservation mandates that there is no net SC in a QSH system [7] . Although discovering new mechanism to control the SC and/or SHC in a QSH system is of great importance for spintronics, its development is still at its infancy.
Strain engineering has been developed as a well-established approach to enhance the performance of electronic devices, such as Si transistors [9] , by tuning band structure and carrier mobility of semiconductors [10, 11] . Recently, strain engineering has been extended to create novel physical phenomena in 2D materials, e.g., pseudo-magnetic fields [12, 13] and superconductivity [14] in graphene. Moreover, strain engineering has also been exploited in materials fabrication through strain induced self-assembly of nanostructures in heteroepitaxial growth of thin films [15] [16] [17] and most recently through strain partitioned nanomembranes and nanomechanical architecture [18] .
In the same spirit of conventional strain engineering of electronic properties, the strain engineering of topological properties has been recognized [8, 19] , because strain changes the bulk band gap of TIs inducing topological phase transitions. Usually, the form of strain considered is tensional strain via lattice expansion/compression. In this article, we explore a new form of "bending strain engineering" to tune the spin transport of QSH edge states by curvature effect. We demonstrate that for a QSH system under bending strain, curvature preserves its TRS but mitigates spin conservation, so that a spin torque occurs to generate a non-zero SC, which can make this system working as a topological half-metal under a bias.
This novel idea can further be applied to control the magnitude of SHC in a QSH system by control of its bending curvature, which has not been achieved in a QSH system before.
In terms of material design, we suggest a possible approach to grow the self-bending QSH systems via the concept of "topological nanomechnical architecture", as demonstrated by the material example of Bi/Cl/Si(111) nanofilm, which may open a novel route towards the realization of topological nano-mechanospintronics.
II. RESULTS
Model of curved QSH systems. We start from a curved QSH system on a hexagonal lattice as shown in Fig. 1a . We define a center angle between the left and right edge of a curved ribbon, θ e , to represent the magnitude of bending curvature. Following Kane and Mele [7] , a QSH Hamiltonian generally contains three terms, H = H 0 + H R + H so . The first term H 0 defines the band structure. Assuming a sufficiently large spin-orbit coupling (SOC), the gap is insensitive to small changes in hopping or a small staggering potential, then the bending induced change in H 0 is negligible. The second Rashba term, associated with the existence of an electric field perpendicular to the plane, is also expected not to change significantly upon bending. Thus, our central attention will be the third term of SOC. Especially, bending changes the directions of orbital angular momenta, which in turn changes the spin directions subject to the spin-momentum locking property. As we will show below, mechanical bending can generate non-zero spin conductance. All the new features of curved QSH systems are intrinsic, which will have profound effects on spin transport properties, independent of specific QSH materials considered.
Concretely, we study a simplified (p x , p y ) four-band model Hamiltonian in a hexagonal lattice [20, 21] (Fig. 1a, upper panel) . Neglecting the Rashba effect, H = H 0 + H so , we have
In H 0 , c † nα (c nα ) creates (annihilates) an electron on atomic orbital n with spin α; ε n and t m,n are electroinc on-site energy and hopping integral, respectively. In H so , S and L are the spin and orbital angular momentum operators, respectively; t so and λ so are constants, defining the SOC strength; σ is the Pauli vector and e m is the unit vector of p x or p y orbital.
In the usual flat system, θ e = 0
• , e m × e n =± e z , and spins lie strictly along the z direction.
When θ e = 0
• upon bending, all the physical observables, e.g., p x,y orbitals, e m and spin directions σ in Eqs. (1) and (2), are rotated accordingly by an angle of φ relative to x-axis. (Fig. 1c) for Consequently, a conventional (flat) QSH insulator conducts only CC but not SC because only the S z component is present, while a curved QSH insulator can conduct both CC and SC arising from the emergence of S y component.
Quantitatively, we can calculate the charge and spin transmission coefficients of QSH ribbons with different θ e in a two-terminal device setting using non-equilibrium Green's function formalism in the linear-response regime [24] as
where
indicates the interaction between a central scattering area and left/right lead, whose self-energy is Σ L/R . G r/a (E) is the retarded/advanced Greens function; σ α , a unit matrix for calculating the charge conductance, is one of the Pauli matrices for spin conductance [25] . Both source/drain and central scattering area are made 
of the same material to reveal the intrinsic transport properties.
At the QSH regime (plateau region), our calculations show that the charge conductance G is insensitive to curvature and remains at its quantized value, as shown in Fig. S1 [26], but the spin conductance G Sy (here G Sx =G Sz =0) becomes θ e -dependent and no longer quantized. As shown in Fig. 2b , G Sy gradually increases from 0 (θ e =0 o ) to e/2π (θ e =180 o )
with the increasing θ e in the QSH regime, consistent with the increased S y component (Fig.   1c) . The spin conductance G S can only take the forward-propagating edge modes, whose direction is given by the direction of external bias.
Furthermore, we can make some general arguments to illustrate the effects of θ e on the G S of a QSH system. Actually it is legal for us to implement a local coordinate (unitary) transformation on the bending curved QSH system
such that we can transform our curved system H C into a flat oneH. Here R d m is spin-independent deformations and R s m = e i(Sx)mφ(m)/ is the spin rotation. If we ignore the Rashba effect H R , it is easy to see that the total rotated spin z-component
, and the spin Chern numberC s in the flat system is well defined [27] . The edge spin conductances at left and right have only non-zero
. These results are well established for a flat QSH system.
If we go back to the original curved reference frame, we have the edge spin conductance,
. By definition, the net spin conductance is given as
. Therefore, in our curved system, φ(L) = −φ(R) = θ e ,C s = 2, then spin conductance is
This conclusion agrees well with our calculations, as shown in Fig. 2c . We want to emphasize that all these new features of curved QSH systems are intrinsic, having profound effects on spin transport properties independent of specific QSH materials considered.
Tunable SC and SHC in curved QSH systems. Based on the same physical mechanism, curvature can also modify the SHC in curved QSH systems, because the SHC is only contributed by the S z components which decreases with the increased S y components, and the quantization of the spin Hall conductance in a QSH system is only guaranteed when S z is conserved [28] .
More generally, we provide a comparison between the charge and spin transport properties of curved QSH devices and those of conventional (flat) QSH devices in both two-and fourterminal settings within the Landauer-Büttiker [29] framework, as shown in Fig. 3 . In terms of transport, with two terminals, the curved QSH (Figs. 3b and 3c , upper panel)
device conducts both CC and SC [0 to (e/2π)V], which is significantly different from the flat QSH device that conducts only CC (Fig. 3a, upper panel) . A curved QSH device can effectively work as a topological half-metal for spin injection, i.e., it transports topologically protected completely spin-polarized charge current, and the density of SC can be tuned by (Fig. 3c, lower panel) .
In terms of robustness against back scattering, the curved and flat QSH devices are the same, as they are protected by TRS. In terms of conductance quantization, charge conductance is integer-quantized in unit of e 2 /h in both flat and curved QSH devices, as shown in Fig. S1[26] . However, spin conductance is only integer-quantized in unit of e/4π in the flat but not in the curved QSH device, hence in the latter the spin conductance, arising from the S y components, is not conserved for different θ e (Fig. 2c) . Therefore, curvature, induced by bending strain, can be employed to dramatically tune the topological SC and SHC in the a curved QSH system for various spintronics applications.
Concept of topological nanomechanical architecture.
A practical idea to realize bent QSH systems is nanomechanical architecture of strained nanofilms, which has been proven a powerful method to fabricate nanomembranes, nanotubes, partial or half nan-otubes, and nanocoils [15, 16, 30] . The general process of nanomechanical architecture proceeds with growth of strained nanofilms on a sacrificial substrate followed by patterning of release (through removal of the sacrificial substrate) of the nanofilms, which will roll-up into different tubular shapes as pre-designed by strain engineering (see our classical MD simulation in Video V1 [26] for this concept). Suppose one can apply the same process to a QSH nanofilm, then a new type of strain engineering of topological boundary states is realized to tune the edge spin orientations in a controllable manner.
Furthermore, it is a parallel process that can facilitate mass production of identical partial cylindrical QSH arrays [31] , which will function ideally as a robust spin injector device with high spin current density, as demonstrated in Fig. S2 , while spin polarization can be switched by changing the bias direction. Compared to the traditional magnetic materials, e.g., ferromagnetic metals, the QSH system based spin injectors are topologically protected, robust against structural distortion or impurity scattering; the helical Dirac edge states support also ultra-fast SC transport.
Curvature effect in Bi/Cl/Si(111) nanofilms. To demonstrate the feasibility of the above concept, we have further performed first-principles calculations to study the evolution of topological edges states of a QSH Bi/Cl/Si(111) nanofilm under self-bending driven by the nanomechanical architecture process. It has been predicted that a surface based QSH state forms in a hexagonal Bi overlayer deposited in the halogenated Si(111) surface, i.e., Bi/Cl/Si(111) [32] . If one grows a ultrathin Si(111) film on a sacrificial SiO 2 substrate before Cl adsorption and Bi deposition, then the resulting Bi/Cl/Si(111) nanofilm is readily subject to the nanomechanical architectural process, sell-rolling into a tubular shape (including a partial cylinder) upon releasing from the underlying SiO 2 substrate.
The Si(111) surface functionalized with one-third monolayer (ML) of Cl exhibits a √ 3 × √ 3 reconstruction [33, 34] . When 1 ML Bi is deposited on the Cl/Si(111) surface, the most stable structure of Bi atoms adopts a hexagonal Bi lattice (Fig. 4a) [32] . The Bi lattice has an in-plane lattice constant of 3.87Å, ∼20% larger than that of free-standing of Bi/Cl/Si(111) nanofilm which provides a driving force for self-bending. Using the surface stress difference ∆σ as input, we can estimate the bending curvature κ of Bi/Cl/Si (111) nanofilm as a function of film thickness t using Stoney formula [35] κ = (6∆σ)/(Ct 2 ), as shown in Fig. 4b , where C = E/(1 − ν 2 ) is a constant related to Young's modulus E and
Poisson ratio ν of Si.
As a novel strategy in nanomechanical architecture, besides changing film thickness, another effective way to control the bending curvature of the rolled-up tubular structure is to grow lattice-mismatched multilayer film to partition the amount of misfit strain and tune the driving force for bending. Specifically, SiGe film is often used for this purpose, since Ge lattice is ∼4.2% larger than Si lattice and the growth SiGe film is a well-established technique.
To verify this idea, we have taken the bilayer system of Bi/Cl/SiGe (111) Upon bending, as shown in Fig. 5b , for conduction band edge states the spins rotate counterclockwise (clockwise) for the left (right) states as θ e increases. When θ e reaches ∼180 o , spins are rotated into almost parallel along y-axis at both edges (θ s =4 o ). Similar behavior is found for valence band edge states, as shown in Fig. 5c . Thus, our first-principles calculations of a real QSH material not only can confirm the concept proposed, but also suggest a promising way to realize novel topological spintronics materials by nanomechanical architecture.
III. CONCLUSION
We have theoretically proposed a novel concept of bending strain engineering of spin transport in QSH systems, which is generally applicable to all QSH materials and especially suited for surface or interface-based QSH states on or inside a thinfilm. It affords a promising route towards realization of robust QSH-based spin injectors with 100% spin polarization. A curved QSH system may be potentially realized by subjecting a QSH nanofilm to nanomechanical architecture process. Our finding opens a new avenue to topological nano-mechanospintronics, enabling generation and transport of spin current by mechanical bending of a QSH system. It significantly advances our fundamental knowledge of spin transport properties, as well as broadens the scope of nanotechnology into topological materials and devices and vice versa.
IV. METHODS
First-principles calculations based on the density functional theory were performed within the generalized gradient approximation of PBE form for the exchange-correlation of electrons as implemented in the VASP Package [37] . The projected-augmented-wave method was used to describe the atomic potentials. The SOC was included at the second variational step using the scalar-relativistic eigen-functions as a basis. A cutoff energy of 450 eV was used for the expansion of wave functions and potentials in the plane-wave basis. Sufficient kpoint meshes were used for sampling the Brillouin zone. The atomic structures of all the calculated systems were fully relaxed until the Helmann-Feynman forces were less than 0.02 eV/Å. To simulate the nanoribbon structures in the plane-wave basis, we employed the supercell method. Both the edge-to-edge and layer-to-layer distances between adjacent ribbons are set >20Å, to eliminate artificial interactions between neighboring cells. 
